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Abstract
Based on the electrodynamic theory, we have calculated the scattering fields
of infinitely long dielectric nanocylinders with silver coating, and compared
them with those of a pure silicon cylinder. The calculation result indicates that
there exists an enhanced electric field in the silver-coated silicon nanocylinder
and shows a great Raman enhancement factor (∼1012) as compared with
bulk silicon. For a special area in the silver-coated silicon nanocylinder, the
enhancement comes up to 4 × 1013.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Since its discovery, surface-enhanced Raman scattering (SERS) has attracted enormous
attention of both experimentalists and theoreticians [1–3]. This phenomenon, SERS, can
be observed for a variety of molecules when they are adsorbed onto some special prepared
substrates. Silver colloids exhibit a very large enhancement factor, 14–15 orders of magnitude,
and observations of single molecule Raman scattering are achieved [4–6]. Physical and
chemical contributions to surface enhanced Raman scattering were analysed [7–10].

Recently, Cao et al [11] have reported a strong Raman scattering enhancement factor,
three orders of magnitude, from individual silicon nanowires and nanocones as compared
with bulk Si. Although silicon is an indirect bandgap semiconductor and so has low
luminescence efficiency, silicon nanocrystals can enhance luminescence efficiency greatly [12].
It is meaningful for semiconductor electronics and silicon-based technology to obtain a great
electric field enhancement from semiconductors, particularly from silicon.

The aim of this paper is to propose a scenario that combines both surface enhanced
Raman scattering and the effects of structural resonances on Raman scattering. Within the
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framework of electrodynamics we investigate the propagation of electromagnetic waves in
silicon nanocylinders in order to see if the capacity of silver films to enhance optical fields
is retained when the surface of a silicon cylinder is coated with it. As an example we
consider an infinitely long circular cylinder illuminated by a transverse magnetic (TM) plane
wave, and the polarization vector of the incident wave is parallel to the axis of the circular
cylinder. The Raman enhancement factors were examined for silver coated and uncoated
silicon nanocylinders with different laser-excitation wavelengths. For appropriate conditions,
the enhancement approaches 1012 as compared with bulk single-crystalline Si (c-Si). It is
found that the Raman enhancement depends sensitively on the radius of the silicon cylinder,
the thickness of the silver coating, and the excitation wavelengths.

2. Theoretical analysis

The problem of scattering of plane electromagnetic waves by an isotropic circular cylinder has
been discussed in detail by Van de Hulst [13]. In figure 1, the coordinates, the electric and
magnetic field vectors (E and H), and incident wavevector k0 are depicted. Here we give
a simple discussion for scattering of a TM plane wave. For a TM plane wave, the following
equations (1)–(3) represent the solution of the scalar wave equation for different regions of
figure 1 [13, 14].

(r > b) u =
∞∑

n=−∞

[
Jn(m0k0r) − b0

n Hn(m0k0r)
]

(1)

(b > r > a) u =
∞∑

n=−∞

[
B1

n Jn(m1k0r) − b1
n Hn(m1k0r)

]
(2)

(r < a) u =
∞∑

n=−∞
B2

n Jn(m2k0r), (3)

where Jn(mi k0r) and Hn(mi k0r) denote the Bessel function of the first kind and the Hankel
function, respectively. Due to boundary conditions, mu and m∂u/∂r must be continuous at the
interface r = a and the surface r = b, respectively, and these result in the following set of
equations:

b0
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n m1 Jn(m1k0b) + 0 = m0 Jn(m0k0b) (4a)

b0
nm2

0 H ′
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nm2
1 H ′

n(m1k0b) + B1
n m2

1 J ′
n(m1k0b) + 0 = m2

0 J ′
n(m0k0b) (4b)

0 − b1
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n m1 Jn(m1k0a) − B2
n m2 Jn(m2k0a) = 0 (4c)

0 − b1
nm2

1 H ′
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n m2
1 J ′
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2 J ′
n(m2k0a) = 0, (4d)

where the prime superscript (′) denotes the differential of a function with respect to the
argument. So coefficient B2

n is given as follows:

B2
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∣∣∣∣∣∣∣
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Figure 1. Coordinates and vectors for scattering by concentric infinitely long cylinders; a and
b are radii of the inner and outer cylinders; m0, m1 and m2 are the refractive indices in the
indicated regions and E and H are the electric and the magnetic vectors of the incident plane
wave, respectively. Here k0 is the wavevector of the incident plane wave.

Therefore the electric field for the r < a region, ETM
inner, is given by

ETM
inner = E0

∞∑

n=−∞
(−i)n B2

n Jn(m2k0r)einθ ẑ, (6)

where E0 is the amplitude of the incident electric field. By integrating |ETM
inner|2 over the range

r = 0 to a, one obtains the volume-averaged intensities of the internal field,

Ī TM
inner = 1

πa2

∫ a

0

∫ 2π

0

∣∣ETM
inner

∣∣2
r dθ dr . (7)

These integrations can be given by [15]

Ī TM
inner = E2

0

∞∑

n=−∞

∣∣B2
n

∣∣2 [
J 2

n (m2k0a) − Jn−1(m2k0a)Jn+1(m2k0a)
]
. (8)

Let I0 denote the maximum intensity within bulk single crystal silicon embedded in
vacuum provided the incident wave is perpendicular to the surface of the bulk Si. The ratio
of Ī TM

inner/I0 is of great importance here. An enhanced electric field gives rise to an enhanced
polarization, and therefore to an enhanced inelastic scattering. The enhancement factor can be
approximated as G = ( Ī TM

inner/I0)
2 [16] since the difference between the incident-light frequency

ω0 and Stokes scattering frequency ω is small.

3. Results and discussion for single cylinder

Just let m0 = m1 = 1, and let k0 denote the wavenumber in vacuum; equations (1)–(8) represent
the case of a single cylinder. Thus we can get the absolute intensity for region r < a through
equation (8). In figure 2 the enhancement factors for a single silicon cylinder are shown, as
functions of radius for 785, 632.8 and 514.5 nm laser excitation wavelengths, respectively. It is
clear that the volume-averaged intensities depend on the radius of the cylinder.

It is easy to see that the enhancements exhibit undulations with the radius of the cylinder.
For the oscillating period of the Bessel function gradually shortening with increasing argument
and eventually taking the value 2π , the enhancement also oscillates with a period approaching
2π/4m2k0 [17]. The oscillating periods of enhancement approach 53 nm, 41 nm and 30 nm,
respectively, for 785, 632.8 and 514.5 nm excitations. When the radius of the cylinder is near
the origin, Jn in equation (8) does not have regular period for different subscripts n, so the
enhancement factor gives rise to fine structure. Comparing the three curves in figure 2, the
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Figure 2. The simulated Raman enhancements based on infinitely long dielectric Si for (a) 785 nm,
(b) 632.8 nm, and (c) 514.5 nm wavelength, TM-polarized laser excitation. a, radius of the silicon
cylinder; G , enhancement factor.

fine structure occurring in figure 2(c) is the least. The reason is that the imaginary part of the
refractive index of silicon for 514 nm wavelength is the largest among the three wavelengths,
and it is about three times that for 632.8 nm and eight times for 785 nm.

4. Results and discussion for stratified cylinder

4.1. Calculated results of enhancements

According to equation (8), the enhancement factors for the case of a coated silicon cylinder
can be calculated. In figure 3, we show a detailed picture of the enhancements as functions
of radius a and silver film thickness t . Clearly when the stratified infinitely long cylinder
is embedded in vacuum, the largest enhancement is approximately 4.4 × 1012 for 785 nm
wavelength (a = 145.8 nm, t = 17 nm), 1 × 1012 for 632.8 nm wavelength (a = 76.6 nm,
t = 27.1 nm), 4.3×1011 for 514 nm wavelength (a = 53.4 nm and t = 20.9 nm), respectively.

It can be seen from figure 3 that both silicon and silver contribute to the enhancements.
When the thickness of the Ag film is very thin, the effect of enhancement is weak. With
increasing silver film thickness, the enhancement factors of Raman scattering increase sharply
at first, reach their peaks, and then decrease gradually.

4.2. Corresponding natural modes

The rectangular components of the vector potential all satisfy the eigenequation [18]

∇2φ + k2φ = 0. (9)
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Figure 3. Dependences of the enhancement factors on the radius and thickness for (a) 785 nm, (b)
632.8 nm and (c) 514.5 nm with TM-polarized laser excitation. a, radius of the inner cylinder of
silicon; t , thickness of silver film; the colour bar in each picture represents the values of log10(G).

There exists a nontrivial function φ satisfying equation (9) throughout the whole space and
vanishing at infinity. Under the configuration shown in figure 1, the function φ must be chosen
by letting the fields satisfy the radiation condition and the boundary conditions [18]. Thus
we obtain a system of four simultaneous equations which are linear and homogeneous in the
four expansion coefficients of the fields (for detailed discussion see [18]). The compatibility
condition is

� ≡

∣∣∣∣∣∣∣

m0 Hn(m0k0b) −m1 Hn(m1k0b) m1 Jn(m1k0b) 0
m2

0 H ′
n(m0k0b) −m2

1 H ′
n(m1k0b) m2

1 J ′
n(m1k0b) 0

0 −m1 Hn(m1k0a) m1 Jn(m1k0a) −m2 Jn(m2k0a)

0 −m2
1 H ′

n(m1k0a) m2
1 J ′

n(m1k0a) −m2
2 J ′

n(m2k0a)

∣∣∣∣∣∣∣
= 0. (10)

The roots of equation (10) are discrete and determine the natural modes of an infinitely long
cylinder. The Bessel functions are transcendental; thus for each value of subscript n there is a
denumerable infinity of roots, any one of which can be denoted by the subscript i . Every root
of equation (10) can then be designated by ni . For our calculations we have used the refractive
indices of bulk silicon and silver as tabulated in [19], and let m0 = 1. Since the radii of the
inner and outer cylinders, a and b, are real numbers, equation (10) cannot be satisfied precisely.
In the case of 785 nm excitation wavelength, the absolute values of � in equation (10) for
different subscripts n are shown in figure 4.
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Figure 4. The magnitude of log10(�) of 785 nm excitation wavelength for (a) n = 0, (b) n = 1,
(c) n = 2 and (d) n = 3, respectively. a, radius of the inner cylinder; t , thickness of silver film; the
colour bar in each picture represents the values of log10(G).

As shown in figure 4, there exist several channels. Every channel approaches a certain
natural mode. In figure 4(a), the left channel approaches the ni = 00 natural mode; the right
one approaches 01 natural mode. The channels in figures 4(b)–(d) approach the 10, 20 and 30

natural modes, respectively. It is easy to see that every channel in figure 4 corresponds to an
upheaval in figure 3(a). So the upheavals of enhancement factors in figure 3 originate from
corresponding natural modes which enhance the inner electric fields. All the above discussions
are also valid for 632.8 and 514.5 nm wavelengths.

For the case of 785 nm wavelength, when a = 145.8 nm and t = 17 nm, approaching
the ni = 20 natural mode, the inner electric field distribution of the silicon cylinder is shown
in figure 5. Under the above conditions, the enhancement factor reaches its peak, 4.4 × 1012,
and it is called the whispering-gallery mode (WGM) [20–22]. The whispering-gallery mode
greatly enhances the inner electric field of the cylinder, and the largest electric field occurs at
r = 107 nm along the x and y axes; the corresponding enhancement around these points can
reach 4 × 1013.

From the above results, it is found that silver-coated silicon cylinder gives a tremendous
enhancement factor (∼1012), which is roughly eight orders of magnitude higher than that of a
single circular cylinder. The combination of silver and silicon results in this great enhancement,
which can be attributed to the localized surface plasmon excitations. The resonance peak of
metal-coated dielectric nanoparticles shifts dramatically from those of bulk metal. In addition,
the reduced mean free path of conduction electrons in the metal shell results in the broadening
of the plasmon peak. In fact, large plasmon peak shifts, from ∼650 to ∼900 nm, were observed
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Figure 5. Inner electric field distribution of silver-coated silicon cylinder illumined by 785 nm
excitation wavelength when a is 145.8 nm and t is 17 nm; the values of electric fields are depicted
by the colour bar. The amplitude of the incident electric field E0 is assumed to be unity.

in Au-coated Au2S nanoshells [23], and the surface plasmon peak of Ag–Pd nanostructures can
be tuned from 440 to 730 nm and the peak width can be greatly broadened [24]. The peak shift
is dependent upon both the dimensions and the dielectric properties of the nanoparticles, and
the experimental results are consistent with the theoretical analysis.

5. Summary

Using the scattering field theory, we are able to investigate the enhancement effects of silver
coated and uncoated silicon cylinders. The resonance effects can be obtained for both cases,
especially for the silver coated cylinder. Under appropriate conditions, the enhancement factor
is as high as ∼1012. The large enhancements are attributed to the localized surface plasmon
excitations. The theoretical results presented in this paper can be used to expand the application
areas of silicon and silicon-based nanomaterials. This can be directly applied to other dielectric
media and further generalized for the case of any arbitrary number of concentric cylinders.
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